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SUBALGEBRAS OF FINITE CODIMENSION IN SYMPLECTIC
LIE ALGEBRA
Mohammed Benalili and Abdelkader Boucherif
Abstract. Subalgebras of germs of vector fields leaving 0 fixed in R 2n, of
finite codimension in symplectic Lie algebra contain the ideal of germs in-
finitely flat at 0. We give an application.
1. Introduction
In this paper, we characterize subalgebras of germs of vector fields X with
X(0) = 0 in R2n, of finite codimension in symplectic Lie algebra. Let ω =∑n
i=1 dxi∧dxn+i denote the canonical symplectic form on R2n, and let χω denote
the symplectic Lie algebra of vector fields leaving the origin 0 fixed. Also, denote
by χ∞ω the ideal of χω, of infinitely flat germs at 0. Finally, let C
1 and = denote,
respectively, the space of germs of closed 1-forms and the space of germs of smooth
functions. The main theorem in this note is:
Theorem 1. Let A be a finite codimension subalgebra of χω. Then A contains
χ∞ω .
As a consequence of this result we obtain a reduction of infinitesimal action of
the group of germs of origin preserving symplectic diffeomorphisms to the action
of the group of infinite jets (at the origin 0) on smooth manifold. We encounter
such action when we deal with the theory of natural fiber bundles (see [1] , [2] [5]).
In [2] and [5], the authors used Borel’s lemma and Whitney’s extension theorem
to prove the reduction of the above action. In the category of manifolds endowed
with geometric structures, Borel’s lemma and Whitney’s extension theorem do not
work. The interest of finding appropriate methods for this cases was raised in [2] .
Our result applies in the category of symplectic manifolds.
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2. Fundamental lemma
The proof of theorem1 is essentially based on the following lemma.
Lemma 2. Let V be a subspace of finite codimension of real linear space E and
ψ be an endomorphism of E such that:
1) ψ(V ) ⊂ V .
2) ∀ b ∈ R, ψ + bI is onto in E.
3) ∀ b , c ∈ R with b2 − 4c < 0, ψ2 + bψ + cI is onto in E.
Then V = E.
Proof. Suppose that E 6= V and m = codimV > 0. Thus there exists a vector
Xo ∈ E − V,Xo 6= 0 and real numbers λo, λ1, · · ·λm such that:
Pm(ψ)(Xo) = λoX + λ1ψ(Xo) + · · ·+ λmψm(Xo) ∈ V .(1)
The decomposition of Pm(ψ), in the polynomial ring R(ψ) of one undetermined
ψ, in factor product, contains binomials of first degree and trinomials of second
degree with negative discriminants. It follows from the assumptions that Pm(ψ)
is onto. Since ψ(V ) ⊂ V , we obtain that Pm(ψ)(V ) ⊂ V . Hence, there exists an
epimorphism ψ: E/V → E/V such that the following diagrams commute
E
ψ→ E












Since E/V has finite codimension, the epimorphism Pm(ψ) is also one to one,
hence KerPm(ψ) = V . Now (1) yields to Pm(ψ)([Xo]) = 0. Hence Xo ∈ V. This
is a contradiction.
3. Some bounds to flows
Let φ be the flow of a vector field on a manifoldM. An equilibrium point a of X
(i.e. X(a) = 0) is ω–stable (resp. α–stable) in the sense of Liapunov if, for every
neighbourhood U of a, there exists another neighbourhood V of a, V ⊂ U such
that for every point x ∈ V , φ(t, x) is defined for all t ≥ 0 (resp. for all t ≤ 0), and
lies in U . The point a is stable (in the sense of Liapunov) if it is simultaneously
ω–stable and α–stable. Let f be a differentiable function, a singular point of f is
a point a ∈M such that Df(a) = 0.
We have Liapunov ’s theorem:
Theorem 3. Let X be a differentiable vector field on a manifold M and a be an
equilibrium point of X. We assume that there exists a function f , defined and
continuous on an open neighbourhood W of a, differentiable on W − {a}, which
satisfies the following conditions:
(i) Xf ≤ 0, (resp. Xf ≥ 0) on W − {a};
(ii) f(x) > f(a) for every x ∈W − {a}.
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Then the equilibrium point is ω–stable (resp. α–stable) in the sense of Liapunov.































Without loss of generality, we can assume that Xf is complete so the range of
t is the real line R. If necessary we can replace Xf by µXf , where µ is a C∞
function which is 1 in a neighbourhood of 0 and has a compact support in the set
where X is defined.
From Liapunov ’s theorem we deduce
Theorem 4. [5] Let (M,Λ) be a Poisson manifold, f : M → R be a differentiable
function, a be a point in M , and S be the symplectic leaf of M which passes
through this point. The point a is an equilibrium point of the Hamiltonian vector
field Xf if and only if the differential d(f |S) of the restriction of f to the leaf
S vanishes at a, when such is the case and when, in addition the following two
conditions are satisfied
(i) the Hessian D2(f |S)(a) of f |S at the point a is positive-definite or
negative-definite,
(ii) the point a has a neighbourhood W on which the rank of the Poisson
structure of M is constant.
Then the point a is stable in the sense of Liapunov.
Now, we establish:
Theorem 5. Let f be a germ of function with 0 as a an equilibrium point. Sup-
pose the Hessian D2f(0) of f at 0 is positive-definite or negative-definite then the
derivatives Dkxφ(t, x)ξ
k, k = 1, 2, ..., of the flow φ(t, x) generated by the Hamilton
vector field Xf are stable in the sense of Liapunov.
Proof. Consider the system of differential equations
x′ = X(x) ,(4)
where X is the vector field given by (2). The variational equation to the prolon-
gation of (4) is given by












α1+···+αs=k ξα1 · · ·ξαs ,
(5)
where ξα ∈ R2n for α = 1, ..., k, with brief notation
(x′, ξ′1, · · ·ξ ′k ) = F (x, ξ1, · · ·ξk) .
Now consider the function
h(x, ξ1, · · ·ξk) = f(x) + Df(x).ξ1 +D2f(x).ξ1ξ1 +Df(x).ξ2







ξα1 · · ·ξαs .
Considering the function vector field F as a derivation and taking into account the
relation Xf(x) = 0, we see easily that Fh(x, ξ1, · · ·ξk ) = 0 , i.e. h(x, ξ1, · · ·ξk )
is a non trivial first integral of the vector field F (x, ξ1, · · ·ξk ). Now, we endow
the space R(k+1)2n with the Poisson structure Λ given in the coordinate system
(x1, · · ·x2n, ξ11, · · · , ξ12n, · · · , ξk1 , · · · , ξk2n) by



















Λ(dzi, dzj) = {zi, zj} .
Clearly, F is a Hamiltonian vector field for the structure Λ and the Hessian
D2(h |R2n)(0) = D2f(0) of the restriction of the function h(x, ξ1, · · ·ξk) to the
Poisson leaf R2n of (R(k+1)2n,Λ) is positive-definite or negative-definite. Now, for
any constant vector v ∈ R2n the system (φ(t, x), Dxφ(t, x)v, · · · , Dkxφ(t, x)vk)) is



























Dα1φ(t, x)vα1 · · ·Dαsφ(t, x))vαs .
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Therefore, it follows from theorem 4 that the system (5) is stable in the sense
of Liapunov i.e. for every neighbourhood U of 0 in R2(k+1)n there exists an-
other neighbourhood V of 0, V ⊂ U such that for every (x, v, 0, · · · , 0) ∈ V ,
(φ(t, x), Dxφ(t, x)v, · · · , Dkxφ(t, x)vk ∈ U .
4. Surjectivity of some Operators
Denote by χω the symplectic Lie algebra of vector fields. Let X ∈ χω and iXω
be the interior product by X. It is well known that the mapping θ : χω → C1
defined by θ(X) = iXω is an isomorphism. Let ϕ = θ−1, we can define a homotopy
integral operator K : C1→ = such that:
(i) d ◦K = idC1
(ii) J∞0 Kα = 0 for all α ∈ C1 such that J∞0 α = 0.
d being the operator of exterior differentiation.
Let ] = ϕod and b = Koθ. Then we have ]ob = idχω and so the operator ]
is onto. For simplicity we shall use f] instead of ](f) ; f] is the Hamiltonian
vector field associated to the function f which we have noted before by Xf . A
straightforward computation leads us to write[
f], g]
]
= −{f, g}] .
Therefore for a fixed X ∈ χω, the surjectivity of the adjoint mapping ad(X)
implies that of {f, .}, where f is some function from = such that f ] = X.
Throughout the remainder of this paper, f will be a germ of function at the
origin 0 which fulfils the assumptions of theorem 4.
Lemma 6. For any b ∈ R and h], with h ∈ = and J∞0 h = 0, there exists g ∈ =
with J∞0 g = 0 such that [
f], g]
]
+ bg] = h] .
Proof. Since the operator ] defined above is onto, it suffices to find g ∈ = with














) + bg = h .(6)





h being infinitely flat at the origin 0, there exist constants δ > 0 and M > 0 such
that for all x with |x| < δ we have |h(x)| ≤M. |x|. Since the flow φ generated by
the Hamiltonian vector field Xf is stable, we can choose η(δ) > 0 such that, for
any x with |x| < η(δ), one has |φ(t, x)| < δ for all t ∈ R. Then∣∣ebth(φ(t, x))∣∣ ≤ δMebt .
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Therefore the singular integral g given by (7), converges uniformly in a neigh-
bourhood of 0. Now, we shall prove that the function g is smooth (= C∞) and
infinitely at 0. This is a consequence of theorem 5. Indeed, for any ε > 0 and





∣∣Dih(φ(t, x))∣∣ . ∑
js>0
j1+···+ji=k
∣∣Dj1φ(t, x)ξj1∣∣ · · · ∣∣Djiφ(t, x)ξjs∣∣ .
Let ε > 0 and K be a positive constant such that the vector ξK is small enough,





so ∣∣Djsφ(t, x)ξjs∣∣ ≤ εKjs .
Consequently






Kj1+···+js = Conste.ebt .
Since b is strictly negative, it follows that for any positive integer k,∫∞
0 e
btDkxh(φ(t, x))dt converges uniformly in a neighbourhood of the origin 0 in
R2n, so the function g is smooth. Because Dkxh(φ(t, 0)) = 0 and D
k
xh(φ(t, x))
converges uniformly to Dkxh(φ(t, 0)) with respect to x, we pass to the limit and
obtain Dkg(0) = 0. Now, in order to show that g is a solution of equation (6), we
compute first










g(φ(s, x)) = h(φ(s, x)) + b
∫ +∞
0
ebth(φ(t+ s, x))dt .
Setting s = 0 and knowing φ(0, x) = x, we get finally that g(x) is solution of
equation(6).
Case b = 0. Suppose the Hessian of f at 0 is positive-definite (the same
argument works in the case where the Hessian is negative-definite) then it fol-
lows from Morse’s lemma that f can be written in appropriate coordinate system
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) = h .(8)
Now consider the following change of coordinates{
xi = ri cos θi
xn+i = ri sin θi i = 1, · · · , n ; ri>0
(9)





+ h = 0
and admits as a solution the function




h(r1 cos(θ1− t), · · · , rn cos(θn− t), r1 sin(θ1− t), · · · , rn sin(θn− t))dt .
Clearly the function g is smooth and infinitely flat at the origin.
Case b > 0. In this case the same argument as in case b < 0 show that a





Lemma 7. For any b, c ∈ R with b2 − 4c < 0, and any h], with h ∈ = and









+ cg] = h] .
Proof. Similarly as in lemma 6, we can find g ∈ = with J∞0 g = 0 such that
{f, {f, g}} − b {f, g}+ cg = h .(10)




































































+ cg = h .


















(t) + cK(t) = 0 ,
K(0) = 0 K′(0) = 1 .
(12)





Similarly to the proof of lemma 6, we can show that g is smooth and infinitely flat








eb(t−s)K(t− s)h(φ(t, x))dt ,
d
ds








ebt (bK(t) +K′(t)) h(φ(t+ s, x))dt .
Then
{f, g} = −Xf (g) = −
d
ds
|s=0 g(φ(s, x)) =
∫ +∞
0
ebt (bK(t) +K′(t)) h(φ(t, x))dt .
Now we compute
{f, g} (φ(s, x)) =
∫ +∞
0




eb(t−s) (bK(t− s) + K′(t− s))h(φ(t, x))dt ,
d
ds














K′′(t) + 2bK′(t) + b2K(t)
)
h(φ(t+ s, x))dt .
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Therefore
{f, {f, g}} = − d
ds










{f, {f, g}} − b {f, g}+ cg = h(x) +
∫ +∞
0
ebt (K′′(t) + bK′(t) + cK(t))h(φ(t, x))dt
and taking account of (12) we see that the function g given by (13) is a solution
of the equation(10).


























g + cg = h






+ cg = h(15)
and has a solution given by












is solution of the Cauchy problem{
K′′(t) + cK(t) = 0














−ri sin(θi − t)
∂h
∂xi












112 M. BENALILI, A. BOUCHERIF
where














|t=θn +K′(t)h(t) |t=θn .



































(K′′(t) + cK(t)) h(t)dt .
Finally, taking into account (16) we get the result.






with the function K(t) given by the system (11).
5. Proof of the main result
We apply lemma 2 to E = χ∞ω and A
∞ = χ∞ω ∩A. First observe that A∞ is of
finite codimension in χ∞ω ; indeed, from well known facts in linear algebra, we get
dim(χ∞ω /χ
∞
ω ∩A) = dim((χ∞ω +A)/A) ≤ dim(χω/A) = m < +∞ .
Let f be the germ of a function at the origin 0 of R2n, which satisfies f(0) =
0, Df(0) = 0, and in addition the Hessian D2f(0) is positive-definite or negative-
definite, H1, · · · , Hm : R → R be distinct functions such that their derivatives
H ′i(u) =
dH
du (u) > 0. Put fo = f, f1 = H1 ◦ f, · · · , fm = Hm ◦ f ; obviously,
fo, f1, · · · , fm fulfil the conditions of f and satisfy for all pair 0 ≤ i, j ≤ m
{fi, fj} = 0 .(17)
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Since A is of finite codimension subalgebra there exist not all vanishing real
numbers ao, a1, · · · , am such that the Hamiltonian vector field F ] = aof]o +a1f
]
1 +





1, · · · , amf]m.
Set
Φ(t, x) = φot ◦ φ1t ◦ · · · ◦ φmt ,
where φit(x) = φ
i(t, x).











1 + · · ·+ amf]m is the generator of Φ and since the flows φo, φ1, · · · , φm
are stable in the sense of Liapunov then so does Φ. It follows, by lemmas 6 and 7,




defined on χ∞ω fulfils the conditions of lemma
2, consequently χ∞ω = A
∞ i.e. χ∞ω ⊂ A.
6. Application
Let Γ be a pseudogroup of local diffeomorphisms of Rn.
Definition 8. [1] A left action of a pseudogroup Γ on a manifoldF, is a functorial
assignment to each f ∈ Γ of domain U a smooth map f : U × F → F such that
the following axioms are satisfied
1) For any ξ ∈ U, fξ, where fξ (y) =f (ξ, y), is a diffeomorphism on F.
2) For any open set V of U , we have
f |V =f |V×F .
3) For any f , g from Γ, we have
g ◦ f (ξ, y) =g (f(ξ), f (ξ, y)) .
4) Let I be an open segment from the real line R. If f : I × U → Rn is a
smooth map such that ∀t ∈ I, ft ∈ Γ, where ft(x) = f(t, x), the map
I × U × F → F ,
(t, (ξ, y))→ ft (ξ, y)
is smooth.
Remark. It is obvious from the axiom 2) that the action is local i.e. it depends
only on germs.
Let P be the pseudogroup of symplectic diffeomorphisms and Po the group of
germs of P fixing 0. Suppose that P acts on a closed manifold F and denote
by γ(TF ) the Lie algebra of vector fields on F and by D(F ) the group of global
diffeomorphisms on F . It is known (see [3]) that D(F ) is an infinite dimensional
Lie group with Lie algebra γ(TF ).
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Let X ∈ χω and φt = exp(tX) be the flow generated by X. So φt ∈ Po for any
t ∈ I (since X leaves 0 fixed). Let (φt)t be the flow of diffeomorphisms (induced





where (φt)o(y) =φt (0, y).
Then, we obtain a Lie algebra homomorphism:
H : χω → γ(TF ), H(X) =X .
Proposition 9. The homomorphism H depends only on the infinite jet, J∞o X,
of X at 0.
Proof. For a fixed y ∈ F , consider the linear homomorphism Hy : χω → TyF
given by
Hy(X) =X (y) ,
where TyF denotes the tangent space to F at y. The kernel Ky of Hy is a finite
codimension subalgebra of χω, so by theorem 1 its contains χ∞ω and hence H
depends only on J∞o X.
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